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INTRODUCTION 
In [4], Dickson has developed the torsion theory for an Abelian category. 
In this paper, generalizing the concept of torsion theory for the category RM 
of left R-modules, we shall define, for any integer n > 1, the concept of an 
n-fold torsion theory for RM and discuss its properties. A 2-fold torsion 
theory is the same thing as a torsion theory for RM as defined by Dickson [4] 
and a 3-fold torsion theory is nothing but a TTF-theory as defined by Jans [5]. 
We shall begin in Section 1 by reviewing the definitions and basic properties 
of a torsion theory and a TTF-theory. 
In Section 2, we shall give the definition of an n-fold torsion theory for 
RM and that of its length. A 3-fold torsion theory with length 2 is precisely 
a centrally splitting TTF-theory (see Bernhardt [3]). The main theorem of 
this section will give some characterizations of a centrally splitting TTF- 
theory (Theorem 2.7). 
We shall treat, in Section 3, 4-fold torsion theories, and give some 
necessary and sufficient conditions for any 4-fold torsion theory to have the 
length 2 (Proposition 3.1). As a consequence of this proposition, we can show 
that, for 71 > 4, any n-fold torsion theory has the length 2 (Theorem 3.3). 
We can also claim from this theorem that there exist only four different types 
of n-fold torsion theories (Theorem 3.4). 
Finally, in Section 4, we shall discuss, in particular, n-fold torsion theories 
for RM over a semisimple ring with minimum condition, over a commutative 
ring, and also over a semiprime ring. Examples will be given to show that each 
type of n-fold torsion theories exists. 
Throughout this paper, R will denote an associative ring with identity 
and RM the category of unital left R-modules and R-homomorphisms. We 
shall deal almost exclusively with left R-modules, and so unless otherwise 
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specified R-modules will mean left R-modules. For M E sM, N < &I means 
that N is a submodule of &f, and, in particular, L ,( R means that L is a left 
ideal in R. 
The author wishes to thank Professor S. MacLane for many helpful 
suggestions during the preparation of this paper. 
1. TORSION THEORIES AND TTF-CLASSES 
We shall begin by reviewing the definitions and basic properties of a 
torsion theory and a TTF-theory. Following Dickson [4], we shall make 
definitions: 
A torsion theory for RM consists of a pair (T, F) of classes of R-modules 
satisfying the following axioms: 
(I) T n F = (0). 
(II) T is closed under homomorphic images. 
(III) F is closed under submodules. 
(IV) For each R-module M there exists a submodule t(M) of M such 
that t(M) E T and M/t(M) E F. 
The (necessarily unique) submodule t(M) of M is called the (T-)torsion 
submodule of M. 
Let T be a class of R-modules. Then T is a torsion class if there exists a 
class F such that (T, F) forms a torsion theory. A torsion-free class is defined 
dually. 
A torsion class T, and the associated torsion theory (T, F), is called 
hereditary (stabZe) if T is closed under submodules (injective envelopes). 
Note that if T is hereditary, then T stable means that T is closed under 
essential extensions. 
A torsion class T, and the associated torsion theory (T, F), is splitting when, 
for any ME sM, t(M) is a direct summand of M. 
We shall quote here the following results due to Dickson [4]. 
(1.1) A class T of R-modules is a torsion class if and only if T is closed 
under homomorphic images, arbitrary direct sums, and extensions. Dually, 
a class F is a torsion-free class if and only if F is closed under submodules, 
arbitrary direct products, and extensions. 
(1.2) Let (T, F) be a torsion theory. Then T and F uniquely determine 
each other as follows: 
T = (1M E sM 1 hom,(M, N) = 0 for all NE F}, 
F = {NI E RM 1 hom,(N, IM) = 0 for all NE T). 
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(1.3) If (T, F) is a torsion theory, then for each M E RM we have 
~WZ)=~{~V<M/NET} 
= n{N< Mj M/NEF). 
(1.4) If (T, F) is a torsion theory, then T is hereditary if and only if F 
is closed under injective envelopes. 
If T is a hereditary torsion class, we let 
F(T) ={L <RI R/LET}, 
and call it the idempotent j2ter of T. F(T) . is c h aracterized by the following 
properties: 
(1) If L EF(T) and if L <L’ 6 R, then L’ EF(T). 
(2) If L, L’ EF(T), then L n L’ EF(T). 
(3) If L EF(T) and if a E R, then (L : u) EF(T). 
(4) If L < R and if there exists L’ EF(T) such that (L : a) EF(T) 
for all a EL’, then L EF(T), where (L : a) is the set of all elements b E R 
such that ba EL. 
In [5] Jans has defined a hereditary torsion class T to be a torsion torsion-free 
(TTF) class provided T is closed under direct products. If (T, F) is a heredi- 
tary torsion theory and if T is a TTF-class, then T is also a torsion-free class 
for some torsion class C. We shall denote this situation by (C, T, F) and call 
(C, T, F) TTF-theory. In this case we shall denote by c(M) and t(n/r) the 
C- and T-torsion submodules of M. 
By a theorem of Pierce in [5], T is a TTF-class if and only if the idempotent 
filter F(T) of T has a unique minimal element. Jans [SJ has shown that this 
is an idempotent two-sided ideal in R and is equal to c(R), the C-torsion 
submodule of R, and moreover 
The following result is due to Jans [5]: 
(1.5) Let (C, T, F) b e a TTF-theory. Then the following conditions are 
equivalent : 
(1) R = t(R) @ c(R) (ring direct sum). 
(2) M = t(M) @ c(M) for all ME RM. 
(3) C = F. 
(4) t(c(M)) = 0 and c(M/t(M)) = M/t(M) for all ME sM. 
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Recently, Bernhardt [3] has also obtained certain conditions which are 
equivalent to each one of (1.5): 
(1.6) Let (C, T, F) be a TTF-theory. Then the following conditions are 
equivalent to each one of (1.5): 
(I ) T is stable and c(R) is a direct summand of R as an R-module. 
(2) F is a TTF-class and t(R) is a direct summand of R as an R-module. 
(3) c(R) is a ring direct summand of R. 
In case a TTF-theory (C, T, F) satisfies one of these conditions, then we 
shall call (C, T, F) centraZZy splitting following Bernhardt [3]. 
2. ~-FOLD TORSION THEORIES 
Generalizing the concept of a TTF-theory, we shall make the following 
definition. 
DEFINITION. For any integer n > 1, an n-fold torsion theory for sM 
consists of an n-tuple 
(T, > T, ,...> T,) 
of classes of R-modules such that each successive pair (T, , Ti+,), for 
i = 1, 2,..., n - 1, forms a torsion theory with the T,-torsion submodule 
ti(M) of an R-module &‘. 
If there exists an integer i(1 < i < n) such that T, = T,+r , then the 
smallest one of such integers i is called the length of (T, , T, ,..., T,). If not, 
we shall say that (T, , T, ,..., T,) has the length n. 
A 2-fold torsion theory is the same thing as a torsion theory, as defined 
by Dickson [4], a 3-fold torsion theory is nothing but a TTF-theory, as 
defined by Jans [5], and a 3-fold torsion theory with length 2 is precisely 
a centrally splitting TTF-theory. 
Now, let (T, , T, , Ta) be a 3-fold torsion theory. This means that (T, , T,) 
and (T, , Ta) are torsion theories with the T1- and T,-torsion submodules 
tl(M) and t,(M) of &I, respectively. The idempotent filter F(T,) of T, has a 
unique minimal element t,(R), the Tr-torsion submodule of R, and 
T, = (ME sM 1 t,(R)M = 01. 
LEMMA 2.1. For any ME sM, we have 
t,(M) = W)~ and tzW) = r~(tdR)), 
where rM(tl(R)) denotes the right annihilator of t,(R) in M. 
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It follows from this lemma that 
h(Wf)) = rt~dW9 
= G&(R)) n t,(M) 
= t,(M) n t,(M). 
Since T, = (ME RM 1 t,(M) = M}, and Ts = {M E RM I t,(M) = O>, we 
have that 
T, & Ts z t&,(M)) = 0 for all ME sM, 
73 tl(M) n t,(M) = 0 for all IM E sM. 
LEMMA 2.2. <f T, is hereditary, then T, 2 T, . 
Proof. Assume that T, is hereditary. Then t,(M) E T, for any ME T, and 
hence t2(M) E T, n T, = 0. This shows that T, G Ts . 
LEMMA 2.3. If T, is splitting, then T, G Ts . 
Proof. Assume that T, is splitting. Then for any ME RM there exists a 
submodule N of t,(M) such that tl(M) = t,(t,(M)) @ N. Since t,(M) E Tr 
and since T, is closed under homomorphic images, 
t,(M)/N E Q&(M)) E T, n T, = 0. 
This shows that T, & T, . 
Remark. If T, is splitting, then, as is easily seen, T, is stable. By (1.4) then 
Tr is hereditary. Thus Lemma 2.3 also follows from Lemma 2.2. 
From Lemma 2.1 we have 
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It follows from this that 
Ts G Tl 2 WWGW = M/t&W for all ME sM 
8 M = t&W) + t,(M) for all ME sM. 
Now we claim that this is equivalent that 
R = t,(R) + tz(R). 
For, if we assume that R = t,(R) + tz(R), then M = t,(R)M + t,(R)M = 
tl(M) + rR(tl(R))M. We show that rR(tl(R))M = rM(tl(R)). By the 
assumption, we can find a E tl(R) and b E rR(tl(R)) such that a + b = 1, 
the identity of R. Then, for any element m E rM(tl(R)), m = am + bm = bm 
and hence rM(tl(R)) & rR(tl(R))M. Since rR(tl(R))M G rM(tl(R)), we have 
rR(tl(R))M = rM(tl(R)), as desired. 
These will imply together with Lemmas 2.2, 2.3 and (1.4) the following: 
PROPOSITION 2.4. Let (T1 , T, , Ts) be a 3-fold torsion theory. Then, under 
the assumption that R = t,(R) + t,(R), th e o f 11 owing conditions are equivalent: 
(1) (T, , Ts , Ts) has the Zength 2. 
(2) T, is splitting. 
(3) T, is stable. 
(4) T, is hereditary. 
Corresponding to Lemmas 2.2 and 2.3, we have 
LEMMA 2.5. If Ts is closed under homomorphic images (i.e., T, is a TTF- 
ckzss), then Ts & T1 . 
Proof. Assume that Ts is closed under homomorphic images. Then, 
since R/(t,(R) + tz(R)) is a homomorphic image of R/tl(R), and since T, is 
closed under homomorphic images, we have R/(t,(R) + tz(R)) E T, . By the 
same method, we have R/(t,(R) + t,(R)) E Ts and hence we have 
R&,(R) + t,(R)) = 0. Thus, R = t,(R) + t,(R). 
LEMMA 2.6. If t,(R) is a direct summund of R as an R-module, then 
Ts & T1 . 
Proof. By the assumption, there exists a left ideal L of R such that 
R = tl(R) @L. Since t,(R)L 2 t,(R) n L = 0, L c rR(tl(R)) = t&R). Thus 
we have R = tl(R) + t.JR). 
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THEOREM 2.7. Let (Ti , T, , Ta) be any 3-fold torsion theory. Then the 
following conditions are equivalent: 
(1) (T, , T, , Ta) has the Zength 2. 
(2) Both T, and T, are splitting. 
(3) Both t,(R) and tz(R) are direct summands of R as R-modules. 
(4) Tr is hereditary and is splitting. 
(5) T, is hereditary and T, is a TTF-class. 
(6) t,(R) = Re for some central idempotent e in R. 
Proof. By Lemmas 2.2,2.3, 2.5 and 2.6, (I), (2), (4) and (5) are equivalent 
to one another. The implications (2) * (3) and (1) 2 (6) are clear. We claim 
that (3) * (1) and (6) 3 (1). 
(3) 3 (1). By the assumption, we can find a left ideal L in R such that 
R = t,(R) @L. Then R/L s t,(R) E T, , L EF(TJ. Since t,(R) is a unique 
minimal element of F(Ta), t,(R) &L and hence we have t,(R) n t,(R) = 0. 
Thus R = t,(R) @ t,(R) by Lemma 2.6. 
(6) 3 (1). Since t,(R) = rR(tl(R)) = (1 - e)R, we have 
R = t,(R) @ t,(R). 
Remark. The condition (6) is the same with (3) of (1.6). However, our 
proof is simpler than that of Bernhardt [3]. 
3. ~-FOLD TORSION THEORIES 
Let (T, , T, , T, , T4) be any 4-fold torsion theory. Then, both (T1, T, , Ta) 
and (T, , T, , T4) are 3-fold torsion theories and hence we can apply the 
results of the preceding section to these torsion theories. 
It is evident that, by definition, (T, , T, , T, , T4) has the length 2 if and 
only if (T, , T, , Ta) has the same length and, by (1.2), if and only if so does 
(T, , Ta , TJ. However, since T, is hereditary and T, is a TTF-class, we can 
claim the following 
PROPOSITION 3.1. Let (T, , T, , Ta , T4) be a 4-fold torsion theory. Then, 
the following conditions are equivalent: 
(1) (T1 , T, , Ta , T4) has the Zength 2. 
(2) T, is hereditary. 
(3) T, is splitting. 
(4) t,(R) is a direct summand of R as an R-module. 
(5) T4 is a TTF-cZass. 
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Proof. These follow from Lemmas 2.2, 2.3, 2.5 and 2.6. 
Concerning 4-fold torsion theories with length 3 we have 
PROPOSITION 3.2. There are no 4-fold torsion theories with length 3. 
Proof. Let (T, , T, , T, , T4) be any 4-fold torsion theory with length 3. 
Then, by definition, we have T, = T4 . Since T, is hereditary, T, is contained 
in T4 , by Lemma 2.2, and hence is contained in Tr . This means that Ta = 0. 
Thus, T, = RM = T, , by (1.2), a contradiction. 
As a consequence of Proposition 3.1 (5), we have the following 
THEOREM 3.3. If n > 4, then any n-fold torsion theory has the length 2. 
The following theorem follows from Proposition 3.2 and Theorem 3.3. 
THEOREM 3.4. There exist only four dazerent types of n-fold torsion 
theories: 
(1) a 2-fold torsion theory which can not be extended to any 3-fold 
torsion theory. 
(2) a 3-fold torsion theory with length 2. 
(3) a 3-fold torsion theory with length 3 which can not be extended to any 
4-fold torsion theory. 
(4) a 4-fold torsion theory with length 4. 
As is easily seen, the ordinary torsion theory for sM, where Z is the ring 
of integers, is an example of the first type. 
4. EXAMPLES 
1. Let R be a semisimple ring with minimum condition. Then, as is well 
known, any two-sided ideal in R is generated by a central idempotent in R 
and hence, by Theorem 2.7 (6), we have 
PROPOSITION 4.1. For n > 2, any n-fold torsion theory for RM over a 
semisimple ring R with minimum condition has the length 2. 
2. Let R be a commutative ring, and let (T, , T, , Ta) be any 3-fold 
torsion theory. If we assume that 
R = t,(R) + y&(R)), 
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then, since R is commutative, we have 
t,(R) 17 T&(R)) = t,(R) . ~&dR)) = 0. 
Thus, we have 
PROPOSITION 4.2. Let (T, , T, , T3) be a 3-fold torsion theory for RM 
over a commutative ring R. Then the following conditions are equivalent: 
(1) (Tl , T, , TJ has the length 2. 
(2) T, is splitting. 
(3) tl(R) is a direct summand of R as an R-module. 
(4) T3 is a TTF-class. 
(5) Ts G T,- 
As is well known (e.g., [6], Theorem 76), if R is commutative Noetherian, 
then any idempotent ideal in R is generated by an idempotent element in R. 
Therefore, we have 
PROPOSITION 4.3. Any 3-fold torsion theory for RM over a commutative 
Noetherian ring R has the length 2. 
Now, let (T, , T, , T3, T4) be a 4-fold torsion theory for RM over a 
commutative ring R. Then T3 is a TTF-class and hence, by Proposition 4.2, 
(T, , T, , TJ has the length 2. Thus, by definition, (Tl , T, , T, , T4) has the 
length 2. Therefore, we have 
PROPOSITION 4.4. For n > 3, any n-fold torsion theory for gM over a 
commutative ring R has the length 2. 
3. Let R be a semiprime ring (i.e., the intersection of all prime ideals 
in R is 0) and let (Tl , T, , T3, T4) b e any 4-fold torsion theory. Then, since 
T, is a TTF-class, it follows from Lemma 2.5 that T, g Tl . Hence we have 
t3(R) g t,(R) by (1.3). By Lemma 2.1, t3(R) = rR(rR(tl(R))), and since the 
left annihilator of any two-sided ideal in R coincides with its right annihilator, 
t,(R) E t3(R). Thus we have t,(R) = t3(R). 
Since T, is hereditary, by Lemma 2.2, 
0 = t,(R) n t3(R) = t,(R) n t2(R). 
On the other hand, T, E Tl means that 
R = t,(R) + t,(R). 
Therefore, (T, , T, , T, , T4) has the length 2. 
481/22/3-11 
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It follows from these that 
PROPOSITION 4.5. Let (Tl , T, , TJ b e a 3-fold torsion theory for &4 over 
a semiprime ring R. Then the following conditions are equivalent: 
(1) (T, , T, , T3) has the Zength 2. 
(2) T, is a TTF-class. 
(3) T, is a TTF-class. 
PROPOSITION 4.6. For n > 3, any n-fold torsion theory for RM over a 
semiprime ring R has the length 2. 
Remarks. As is seen from the above proof, Propositions 4.5 and 4.6 are 
valid for a ring R in which 
r&d0 2 I 
holds for any idempotent two-sided ideal I in R. For example, a ring R with 
the property that I n rR(I) is not nilpotent unless it is 0 satisfies the above 
relation. Such a property is also dealt with by Teply [7] and Proposition 4.5 
gives a simple proof of Theorem 4.4, Teply [7]. Note that from the above 
remark Proposition 4.4 is a special case of Proposition 4.6. 
4. Here is an interesting example of a 3-fold torsion theory with length 2. 
Let P be a finitely generated projective right R-module, and let 
E = End,(P), the endomorphism ring of P. Then, for the functor 
F: ,M+ EM, F(M) = P OR M for all ME RM, 
F(M) = 0 means that t,(R)M = 0, where t,(R) denotes the trace ideal of 
R-module P. Since t,(R) is an idempotent two-sided ideal in R, 
T,={ME~MIF(M)=O} 
forms, together with 
and 
T, = {ME RM 1 t,(R)M = M} 
T, = {ME 3 I r,&(R)) = O>, 
a 3-fold torsion theory (T, , T, , T3). If R is commutative, then 
R = h(R) + rR(P), 
by Auslander and Goldman [2], where rR(P) denotes the right annihilator 
of P in R. However, since P is finitely generated and is projective, we can 
easily prove that 
rdf’) = r&(R)), 
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and hence we have 
R = t,(R) + ~&dW 
Thus, by Proposition 4.2 (5), (Ti , T, , Ts) has the length 2. 
5. Let ME aM. For any N < M, the closure cl(N) of N in M is defined 
bY 
cl(N) = {X E M / (N : X) is essential in R}, 
where (N : x) denotes the set of all elements a E R such that ax E N. In 
particular, the closure of 0 in M is called the singular submodule of M and is 
denoted by Z(M). 
Goldie’s torsion theory (G, F) is then given by 
G = {ME RM 1 cl(Z(M)) = M}, 
F ={MeRMIZ(M)=O}. 
As is well known (e.g., [l]), G is hereditary and is stable, and contains all 
factor modules M/N, where N is essential in M. The idempotent filter 
F(G) of G is 
F(G) = {L < R 1 cl(L) is essential in R}. 
If, in particular, Z(R) = 0, then we have 
G={ME~MIZ(M)=M}, 
F(G) = {L < R 1 L is essential in R}. 
The following example is a 3-fold torsion theory (T, , G, F) with length 3. 
Let K be a field and A an infinite index set. Let 
Q = n Km> K, = K for all OL E A, 
EEA 
and let 
R = c &A K,+l*KEQ, 
where 1 is the identity of Q. Clearly, R is a commutative semiprime ring, 
and hence Z(R) = 0. As is easily seen, the filter F(G) of G, Goldie’s torsion 
class for RM, is 
Therefore, G is a TTF-class with t,(R) = C GrrsA K, . There exist some 
torsion class T, and some torsion-free class F such that (T, , G, F) forms a 
3-fold torsion theory. 
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We claim that (T, , G, F) does not have the length 2. For, if it has the 
length 2, then, since t,(R) is a direct summand of R and is essential in R, we 
have R = t,(R), a contradiction. Thus, (T, , G, F) has the length 3, and 
moreover, by Proposition 4.5, it can not be extended any n-fold torsion 
theory with n > 3. 
6. There is a 4-fold torsion theory with length 4. 
Let R be a ring of all 2 x 2 upper triangular matrices over a field K. Let 
Then I is an idempotent two-sided ideal in R. Hence 
is a TTF-class and, together with some torsion class T, and some torsion-free 
class T, , (T, , T, , T3) forms a 3-fold torsion theory. In this case 
t,(R) = I and t,(R) = I(;“, i] 1 a, btK/. 
Therefore 
t,(R) + b(R) = R and h(R) n km f 0 
and hence (T, , T, , TJ does not have the length 2. 
We claim that T, is a TTF-class. Since R/t,(R) is a division ring and is a 
projective R-module, it follows that all R-modules in T, are projective. 
This implies that T, is closed under homomorphic images. Therefore T, 
is a TTF-class and, for some torsion-free class T4 , (T, , T, , T, , T4) forms 
a 4-fold torsion theory. By Proposition 3.2, it has the length 4 and, by 
Theorem 3.3, it can not be extended any n-fold torsion theory with n > 4. 
7. Finally, let R be a semiperfect ring, i.e., its quotient ring R/N modulo 
the Jacobson radical N is a semisimple ring with minimum condition and 
idempotents modulo N can be lifted. As is well known, any .semiperfect 
ring R contains a finite orthogonal set of primitive idempotents whose sum 
is 1, the identity of R: 
for some primitive idempotents e, , ea ,..., e, in R. 
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Let (T, , T,) be a 2-fold torsion theory for sM. Bernhardt [3] called 
(T, , T,) principal provided 
(1) ReET,zRe/NeET,, and 
(4 Rf E T, * Rf/Nf E T, > 
for all primitive idempotents e and f in R. Let us consider the following 
condition: 
(*) each of Re,, Re, ,..., Re, is contained in either T, or T, . 
Clearly, if (T, , T,) is principal, then it satisfies the condition (*), but, in 
general, the converse does not hold. For example, the ordinary torsion theory 
(T, , T,) for .M over a commutative local domain R satisfies the condition (*), 
but it is not principal. 
Corresponding to Theorem 5, Bernhardt [3], we have the following 
PROPOSITION 4.7. Let (T, , T, , Ta) b e a 3-fold torsion theory for .M over 
a semiperfect ring R. Then it has the length 2 if and only if the condition (*) 
hoZds for both (T, , T,) and (T, , Ta). 
Proof. Assume that (T, , T,, Ta) has the length 2. Then for each 
i= 1,2 ,..., n, by (2) of (1.5), Re, = t,(Re,) @ t,(ReJ. Since Re, is inde- 
composable, we have either Rei = t,(Re,) or Re, = t,(Re,). This means 
that each of Red is contained in either T, or Ta . Since T, = T3, both 
(T, , T,) and (T, , Ta) satisfy the condition (*). 
Conversely, suppose that 
Re, ,..., Rem E TI and Rem+l ,..., Re, E T, . 
Then t,(Re,) = Re,(l < i < m) and t,(Re,) = 0 (m + 1 < i < n), and 
so we have 
t,(R) = f @ t,(Re,) = 5 @ Re, . 
i=l i=l 
Similarly, since Re, ,..., Rem E T, , we have 
tz(R) = i Q3 t,(Re,) = f @ Rei . 
2=1 z=m+1 
Therefore, we have R = t,(R) @ tz(R). 
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